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Thermal effects on ρ meson properties in an external magnetic field
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A detailed study of the analytic structure of 1-loop self energy graphs for neutral and charged ρ
mesons is presented at finite temperature and arbitrary magnetic field using the real time formalism
of thermal field theory. The imaginary part of the self energy is obtained from the discontinuities of
these graphs across the Unitary and Landau cuts, which is seen to be different for ρ0 and ρ±. The
magnetic field dependent vacuum contribution to the real part of the self energy, which is usually
ignored, is found to be appreciable. A significant effect of temperature and magnetic field is seen
in the self energy, spectral function, effective mass and dispersion relation of ρ0 as well as of ρ±
relative to its trivial Landau shift. However, for charged ρ mesons, on account of the dominance of
the Landau term, the effective mass appears to be independent of temperature. The trivial coupling
of magnetic moment of ρ± with external magnetic field, when incorporated in the calculation, makes
the ρ± to condense at high magnetic field.
I. INTRODUCTION
Recent researches in Quantum Chromodynamics(QCD) in presence of magnetic background have revealed many
remarkable properties of strong interaction [1]. From anomalous Chiral Magnetic Effect (CME), Chiral Vortical
Effect to Magnetic Catalysis(MC), Inverse Magnetic Catalysis(IMC) and vacuum superconductivity, these non-trivial
interplay between the topology, symmetry and anomaly structure [2–9] have enriched the fundamental aspects of
QCD to a great extent. On one hand, noticeable influence on the strongly interacting sector can be achieved only
when the background magnetic field is strong enough to be comparable to QCD scale i.e eB ≈ m2π, on the other
hand, non-central heavy-ion collisions in Relativistic Heavy-Ion Collider(RHIC) and Large Hadron Collider(LHC) can
generate magnetic fields of eB ≈ 15m2π [10]. Apart from its own theoretical intricacies, this promising platform for
experimental manifestations has been one of the key reasons for ensuing interests in this field of research. Moreover,
a similar environment inside the core of magnetars adds to its astrophysical and cosmological importance [11–18].
A large amount of progress has been achieved in solving the so called puzzle of MC and IMC using the effective
models, most of which are focused on considering magnetic field dependent coupling constants or other magnetic
field dependent parameters of the model (see for example [19]). One of the important methods for extracting the
information of eB dependencies of the chiral phase transition parameters is to study the modifications of hadronic, in
particular mesonic properties in presence of medium/density along with external magnetic field since they are more
directly related to the chiral phase transition [20]. In this paper we mainly focus on the temperature modifications of
ρ meson properties in presence of static homogeneous magnetic background. The study of the ρ meson properties like
the effective mass and dispersion relations are important in the context of magnetic field induced vacuum supercon-
ductivity [9, 21–27]. It should be mentioned here that the dilepton production rate in heavy-ion collisions is directly
proportional to the in-medium ρ spectral function and is well studied at vanishing magnetic field in Ref. [28–31].
However, the existence of such high external magnetic field in non central collisions does affect the spectral function
of ρ [8, 32]. Thus the detailed study of the in-medium spectral properties of ρ meson in presence of eB may prove to
be indispensable for analyzing the results of heavy-ion collision experiments.
Most of the calculations of one loop self energy functions at finite temperature under external magnetic field present
in the literature employ either strong or weak magnetic field approximation [33–35]. A few of them have relaxed this
approximation and calculations are presented for arbitrary value of magnetic field [36, 37]. In the later case, even
though the full Schwinger propagator for the loop particles is considered, the real part of the self energy neglects
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2the magnetic field dependent vacuum contribution. In this work we have taken the full Schwinger propagator for the
loop particles and do not make any approximations on the magnitude of the magnetic field. We have also included
the magnetic field dependent vacuum contributions to the real part of the self energy. In addition to these novelties,
we have explicitly worked out the analytic structure of the self energy at finite temperature and non-zero magnetic
field which to the best of our knowledge has not been discussed elsewhere. Discontinuities of the self energy graphs
across the Unitary and Landau cut are seen to be different for the charged and neutral ρ mesons. It should be noted
here that, if the external boson is charged, its momentum transverse to the external magnetic field is never zero due
to Landau quantization. To show the importance of the loop correction of ρ± at finite temperature and non-zero
magnetic field, we first present various properties of ρ± by neglecting this trivial Landau shift. Later, we also show
results incorporating the Landau quantization of transverse momenta as well as including the trivial coupling of the
magnetic moment of ρ± with external magnetic field. In this case, we will show that the loop-correction to effective
mass is subleading at all temperatures.
A few comments on the applicability of our calculation are in order. All the results in this paper, are presented for
temperatures in the range 100 MeV ≤ T ≤160 MeV where, the degrees of freedom of strongly interacting matter are
basically hadrons. However, if there exists a strong magnetic field (order of typical QCD scale), then the system may
undergo a phase transition even in this temperature range (so called IMC effect [7]) to the deconfined phase where
the degrees of freedom are quarks and gluons. In that case, the hadronic description will not be applicable. However,
in this work we have not considered these possibilities.
The article is organized as follows. In Sec. II the vacuum self energy of ρ is discussed followed by the evaluation of
the in-medium ρ self-energy at zero magnetic field in Sec. III. Next in Sec. IV, the in-medium self energy at non-zero
external magnetic field is presented. Sec. V is devoted to the discussion of the analytic structure of the in-medium self
energy functions in a magnetic field. In Sec. VI, the numerical results are shown and discussed. Finally we summarize
and conclude in Sec. VII. Some of the relevant calculational details are provided in the Appendix.
II. ρ SELF ENERGY IN THE VACUUM
The lowest order (LO) Lagrangian for effective ρππ interaction is given by [31]
Lint = −gρππ∂µ~ρν · ∂µ~π × ∂ν~π,
with the effective coupling constant gρππ = 20.72 GeV
−2, which is fixed from the vacuum ρ→ ππ decay width Γρ→ππ
= 150 MeV.
ρ0 ρ0
q q
pi−
pi+
p = (q − k)
k
µ ν
ρ± ρ±
q q
pi±
pi0
p = (q − k)
k
µ ν
FIG. 1: Feynman diagrams for ρ self energy.
Using Lint, the vacuum self energies of ρ0 and ρ± for Feynman diagrams shown in Fig. 1, can be written as
(Πµν0 (q))vac = i
∫
d4k
(2π)4
Nµν(q, k)∆±(k)∆±(p) (1)
(
Πµν± (q)
)
vac
= i
∫
d4k
(2π)4
Nµν(q, k)∆0(k)∆±(p) (2)
respectively. Here ∆0(k) =
(
−1
k2−m2
0
+iǫ
)
and ∆±(k) =
(
−1
k2−m2
±
+iǫ
)
are the vacuum Feynman propagators of π0 and
π± with masses m0 and m± respectively and Nµν(q, k) is given by,
Nµν(q, k) = g2ρππ
[
q4kµkν + (q.k)2qµqν − q2(q.k)(qµkν + kµqν)] ,
3which contains the factors coming from the interaction vertices. The momentum integrations in Eqs. (1) and (2) can be
evaluated using standard Feynman parametrization followed by dimensional regularization. If we takem0 = m± = mπ,
then the vacuum self energies of ρ0 and ρ± are identical and is given by,
Πµνvac(q) =
(
q2g2ρππ
32π2
)(
q2gµν − qµqν)
1∫
0
dx∆
(
ln
∆
µ0
− 1
)
, (3)
where ∆ = m2 − x(1 − x)q2 − iǫ and µ0 is a scale of dimension GeV2. The metric tensor in this work is taken as
gµν = diag(1,−1,−1,−1).
III. ρ SELF ENERGY IN THE MEDIUM
In the real time formalism of thermal field theory, the thermal propagators as well as the self energies become 2×2
matrices [30, 38]. However, they can be diagonalized in terms of a single analytic function which is related to any one
component of the corresponding 2×2 matrix, say the 11-component. The 11-component of the π0 and π± thermal
propagators are given by,
D110 (k) = ∆0(k) + 2iη
kIm ∆0(k) (4)
D11± (k) = ∆±(k) + 2iη
kIm ∆±(k) (5)
where, ηk =
[
ek.u/T − 1]−1 is the Bose-Einstein distribution function of the pions with uµ being the medium four-
velocity. In local rest frame of the medium, uµ ≡ (1,~0). The complete in-medium propagator matrix Dµν satisfies
the following Dyson-Schwinger equation,
D
µν =∆µν −∆µαΠαβDβν (6)
where, ∆µν is the free thermal vector propagator matrix and Παβ is the 1-loop thermal self energy matrix. Each of
the quantities in Eq. (6) can be expressed in diagonal form in terms of analytic functions denoted by a bar, so that
it can be written as,
D¯µν = ∆¯µν − ∆¯µαΠ¯αβD¯βν . (7)
The self energy function Π¯αβ is related to the 11-component of Παβ by the following relations,
Re Π¯αβ(q) = Re Π
11
αβ(q) (8)
Im Π¯αβ(q) = ǫ(q
0) tanh
(
q0
2T
)
Im Π11αβ (9)
where, ǫ(q0) = Θ
(
q0
)−Θ (−q0) is the sign function. In order to obtain the 11-component of the ρ0 and ρ± self energies,
one has to replace the vacuum π0 and π± propagators in Eq. (1) and (2) by their corresponding 11-components as
given in Eqs. (4) and (5),
(Πµν0 (q))
11
= i
∫
d4k
(2π)4
Nµν(q, k)D11± (k)D11± (p) (10)
(
Πµν± (q)
)11
= i
∫
d4k
(2π)4
Nµν(q, k)D110 (k)D11± (p). (11)
Performing the k0 integral and using Eqs. (8) and (9) we get the thermal self energy functions for ρ0 and ρ± which
are identical if we take m0 = m± = mπ,
Re Π¯µν(q) = Re Πµνvac(q) +
∫
d3k
(2π)3
1
2ωkωp
P
[(
ηkωpNµν(k0 = ωk)
(q0 − ωk)2 − ω2p
)
+
(
ηkωpNµν(k0 = −ωk)
(q0 + ωk)2 − ω2p
)
+
(
ηpωkNµν(k0 = q0 − ωp)
(q0 − ωp)2 − ω2k
)
+
(
ηpωkNµν(k0 = q0 + ωp)
(q0 + ωp)2 − ω2k
)]
4and
Im Π¯µν(q) = −πǫ(q0)
∫
d3k
(2π)3
1
4ωkωp
[
Nµν(k0 = ωk)
{
(1 + ηk + ηp)δ(q0 − ωk − ωp) + (−ηk + ηp)δ(q0 − ωk + ωp)
}
+ Nµν(k0 = −ωk)
{
(−1− ηk − ηp)δ(q0 + ωk + ωp) + (ηk − ηp)δ(q0 + ωk − ωp)
} ]
, (12)
where, ωk =
√
~k2 +m2π, ωp =
√
~p2 +m2π =
√
(~q − ~k)2 +m2π and P denotes the Cauchy principal value integration.
IV. ρ SELF ENERGY IN THE MEDIUM UNDER EXTERNAL MAGNETIC FIELD
In presence of external magnetic field (in addition to finite temperature), the π0 propagator remains unaffected
whereas the 11-component of π± propagator becomes [36],
D11B (k) = ∆B(k) + 2iη
kIm ∆B(k),
where, ∆B(k) is the Schwinger proper time propagator for a charged scalar field [34, 39] in momentum spece,
∆B(k) = i
∞∫
0
ds
cos(eBs)
exp
[
is
(
k2‖ + k
2
⊥
tan(eBs)
eBs
−m2π + iǫ
)]
. (13)
The corresponding coordinate space propagator contains a phase factor which is not translationally invariant. However
with a suitable choice of the gauge, the phase factor can be removed [40], and one can work with the momentum space
propagator. In Eq. (13), e = |e| is the absolute electronic charge; the external magnetic field is taken along the +ve
z-direction ( ~B = Bzˆ) and correspondingly any four-vector a is decomposed as a = (a‖+ a⊥), where a
µ
‖ ≡ (a0, 0, 0, az)
and aµ⊥ ≡ (0, ax, ay, 0). The metric tensor gµν is also decomposed as gµν = gµν‖ + gµν⊥ , where gµν‖ = diag(1, 0, 0,−1)
and gµν⊥ = diag(0,−1,−1, 0). Performing the proper time integration in Eq. (13), one gets,
∆B(k) =
∞∑
l=0
−φl(αk)
k2‖ −m2l + iǫ
,
where
ml =
√
m2π + (2l+ 1)eB, (14)
φl(αk) = 2(−1)lLl(2αk)e−αk , αk = −k2⊥/eB and Ll(x) is the Laguerre polynomial of order l with L−1(x) = 0.
Replacing D11± → D11B in Eqs. (10) and (11), and following Eqs. (8) and (9), one gets the ρ0 and ρ± self energy
functions at finite temperature in external magnetic field as,
Π¯µν0 = (Π
µν
0 )B + (Π
µν
0 )BT (15)
Π¯µν± = (Π
µν
± )B + (Π
µν
± )BT . (16)
In Eqs. (15) and (16), subscript “B” and “BT ” denote purely magnetic field dependent and both magnetic field as
well as temperature dependent contributions respectively.
It is well known that the momenta of charged bosons transverse to the direction of external magnetic field are
Landau quantized so that q2⊥ = −(2n + 1)eB with n = 0, 1, 2 .... . So for ρ±, we present results for arbitrary
four-momentum qµ ≡ (q0, qx, qy, qz), whereas for ρ0 we take for simplicity qµ ≡ (q0, 0, 0, qz). The calculations of the
real parts of the “B” terms i.e. the magnetic field dependent vacuum contributions are rather involved for which some
relevant intermediate steps are provided in the Appendices (A) and (B). In comparison, the calculations of the real
parts of the “BT ” terms as well as the imaginary parts of the self energies are relatively straight forward and similar
to the eB = 0 case. We summarize the explicit forms of different terms in Eqs. (15) and (16) below. The expressions
for the real parts of ρ0 self energy function are
Re(Πµν0 (q
0, qz))B = Re Π
µν
vac +
(
g2ρππq
2
‖
32π2
) 1∫
0
dx
[(
q2‖g
µν
‖ − qµ‖ qν‖
)
Re
(
2eB ln Γ
(
∆
2eB
+
1
2
)
−∆ ln ∆
2eB
+∆
)
+ q2‖g
µν
⊥ Re
(
∆
2
Ψ
(
∆
2eB
+
1
2
)
+
1
2
(∆ + (2x− 1)eB)Ψ
(
∆
2eB
+
1
2
+ x
)
−∆ ln ∆
2eB
)]
(17)
5Re(Πµν0 (q
0, qz))BT =
∞∑
l=0
∞∑
n=0
∞∫
−∞
dkz
2π
1
2ωlkω
n
p
P
[(
ηkl ω
n
pNµνnl (k0 = ωlk)
(q0 − ωlk)2 − (ωnp )2
)
+
(
ηkl ω
n
pNµνnl (k0 = −ωlk)
(q0 + ωlk)
2 − (ωnp )2
)
+
(
ηpnω
l
kNµνnl (k0 = q0 − ωnp )
(q0 − ωnp )2 − (ωlk)2
)
+
(
ηpnω
l
kNµνnl (k0 = q0 + ωnp )
(q0 + ωnp )
2 − (ωlk)2
)]
,
while the imaginary part is
Im Π¯µν0 (q
0, qz) = −πǫ(q0)
∞∑
l=0
∞∑
n=0
∞∫
−∞
dkz
2π
1
4ωlkω
n
p
×
[
Nµνnl (k0 = ωlk)
{
(1 + ηkl + η
p
n)δ(q0 − ωlk − ωnp ) + (−ηkl + ηpn)δ(q0 − ωlk + ωnp )
}
+ Nµνnl (k0 = −ωlk)
{
(−1− ηkl − ηpn)δ(q0 + ωlk + ωnp ) + (ηkl − ηpn)δ(q0 + ωlk − ωnp )
}]
. (18)
For the charged ρ meson, the corresponding expressions are:
Re(Πµν± (q
0, ~q))B = Re Π
µν
vac +
(
g2ρππ
32π2
) 1∫
0
1∫
0
dxdzz∆/m
2
pi−1
[
z−y(1−x)q
2
⊥/m
2
pi
(
1
ζ˜
)
sech
(
x
eB
m2π
ln z
)
(
Pµν
ln z
+
2Qµν
m2π
+
Rµν
ζ˜m2π
)
− z−x(1−x)q2⊥/m2pi
(
m2πq
2
(ln z)2
)(
q2gµν − qµqν)] (19)
and
Re(Πµν± (q
0, ~q))BT =
∞∑
n=0
∫
d3k
(2π)3
φn(αp)
2ωkωnp
P
[(
ηkωnpNµν(k0 = ωk)
(q0 − ωk)2 − (ωnp )2
)
+
(
ηkωnpNµν(k0 = −ωk)
(q0 + ωk)2 − (ωnp )2
)
+
(
ηpnωkNµν(k0 = q0 − ωnp )
(q0 − ωnp )2 − (ωk)2
)
+
(
ηpnωkNµν(k0 = q0 + ωnp )
(q0 + ωnp )
2 − (ωk)2
)]
Im Π¯µν± (q
0, ~q) = −πǫ(q0)
∞∑
n=0
∫
d3k
(2π)3
φn(αp)
4ωkωnp
×
[
Nµν(k0 = ωk)
{
(1 + ηk + ηpn)δ(q0 − ωk − ωnp ) + (−ηk + ηpn)δ(q0 − ωk + ωnp )
}
+ Nµν(k0 = −ωk)
{
(−1− ηk − ηpn)δ(q0 + ωk + ωnp ) + (ηk − ηpn)δ(q0 + ωk − ωnp )
}]
, (20)
where, Ψ(z) is the digamma function, ζ˜ = (1 − x) 1m2pi ln z +
1
eB tanh
(
x eBm2pi
ln z
)
, y = 1
ζ˜eB
tanh
(
x eBm2pi
ln z
)
, ωlk =√
k2z +m
2
l , η
l
k =
[
eω
l
k/T − 1
]−1
and
Nµνnl (q‖, k‖) =
g2ρππ
2
(−1)n+l
(
eB
π
)[{
q4‖k
µ
‖ k
ν
‖ + (q‖.k‖)
2qµ‖ q
ν
‖ − q2‖(q‖.k‖)(qµ‖ kν‖ + kµ‖ qν‖ )
}
δn,l
− eB
4
q4‖g
µν
⊥
{
(2n+ 1)δn,l − nδn−1,l − (n+ 1)δn+1,l
}]
. (21)
The expressions for Pµν , Qµν and Rµν are provided in Appendix (B).
V. ANALYTIC STRUCTURE OF THE IMAGINARY PARTS
Each of the imaginary parts of the self energy functions in Eqs. (12), (18) and (20) contains four Dirac delta
functions which will give rise to branch cuts of the self energy function in the complex q0 plane, details of which
6are provided in Appendix C. Let us first discuss the analytic structure at finite temperature in absence of magnetic
field. In Eq. (12), the first term containing δ(q0 − ωk − ωp) is non vanishing for
√
~q2 + 4m2π < q
0 < ∞ and we call
this “Unitary-I” cut. The second term containing δ(q0 − ωk + ωp) is non vanishing for −|~q| < q0 < 0 and this is the
“Landau-II” cut. The third term containing δ(q0 + ωk + ωp) is non vanishing for −∞ < q0 < −
√
~q2 + 4m2π and we
call this is “Unitary-II” cut. Finally the fourth term containing δ(q0 + ωk − ωp) is non vanishing for 0 < q0 < |~q| and
this is the “Landau-I” cut. These different cuts are shown in Fig. 2 and correspond to different physical processes.
We are interested in the physical kinematic region q0 > 0 and q2 > 0. In this region Unitary-I and Landau-I terms
contribute. Unitary-I cut corresponds to the decay of a ρ into two pions which can also happen in vacuum, whereas
the Landau-I cut is purely a medium effect which corresponds to the absorption of a ρ due to scattering with a π
producing a π in the final state. If we take ~q = ~0, then the Landau contributions will be absent and we are left with
only Unitary cut contributions.
FIG. 2: Different branch cuts of the in-medium self energy function of the ρ at zero magnetic field in the complex q0 plane for
a given ~q. The points correspond to q1 = |~q| and q2 =
√
~q2 + 4m2pi.
Let us now turn on the magnetic field. The imaginary part of ρ0 self energy function in presence of the external
magnetic field in Eq. (18) is non vanishing at four different kinematic regions. Note that in this case the quantity ml
in Eq. (14) for charged pions in the loop contains a contribution from the transverse momentum component which are
quantized. As shown in Appendix C, the Unitary-I and Unitary-II cuts are defined in
√
q2z + 4(m
2
π + eB) < q
0 <∞
and −∞ < q0 < −√q2z + 4(m2π + eB) respectively, whereas both the Landau-I and Landau-II cuts are defined in
|q0| <
√
q2z + (
√
m2π + eB −
√
m2π + 3eB)
2. These cuts are shown in Fig. 3. It is to be noted that, in presence of the
external magnetic field, the in-medium ρ0 self energy always possesses the Landau contribution even if ~q = ~0.
FIG. 3: Different branch cuts of the in-medium self energy function of the ρ0 under external magnetic field in the complex q0
plane for a given ~q. The points correspond to q1 =
√
q2z + (
√
m2pi + eB −
√
m2pi + 3eB)2 and q2 =
√
q2z + 4(m2pi + eB).
In a similar way, the imaginary part of ρ± self energy function in presence of the external magnetic field in
Eq. (20) has its Unitary-I and Unitary-II cuts in the kinematic domain
√
q2z + (
√
m2π + eB +mπ)
2 < q0 < ∞
and −∞ < q0 < −
√
q2z + (
√
m2π + eB +mπ)
2 respectively, whereas it has its Landau-I and Landau-II cuts in the
kinematic domain 0 < q0 < ∞ and −∞ < q0 < 0 respectively. These cuts are displayed in Fig. 4. In this case also
the in-medium ρ± self energy always has a finite Landau cut contribution even if ~q = ~0.
The imaginary parts given in Eq. (12),(18) and (20) have been further simplified using the Dirac delta functions
present in the integrand. For the sake of simplicity in analytic calculations Eq. (12) and (18) are simplified by taking
~q = ~0. However, for Eq. (20), we have taken ~q = (qx, qy, 0). The simplified form of the imaginary parts can be
7FIG. 4: Different branch cuts of the in-medium self energy functions of the ρ± under external magnetic field in the complex q0
plane for a given ~q. Upper-Panel shows the Unitary cut regions with q2 =
√
q2z + (
√
m2pi + eB +mpi)2. Lower-Panel shows the
Landau cut regions.
obtained from Appendix (D),
Im Π¯µν(q0, ~q = ~0) =
(
−ǫ(q0)k˜
8πq0
)[
U1
(
q0, |~k| = k˜
)
Θ
(
q0 − 2mπ
)
+ U2
(
q0, |~k| = k˜
)
Θ
(−q0 − 2mπ)] (22)
Im Π¯µν0 (q
0, ~q = ~0) =
(−ǫ(q0)
4|q0|
) ∞∑
l=0
∞∑
n=0
1
k˜z
[
Un,l1
(
q0, k˜z
)
Θ
(
q0 −ml −mn
)
+ Un,l2
(
q0, k˜z
)
Θ
(−q0 −ml −mn)
+ Ln,l1
(
q0, k˜z
)
Θ
{−q0 −min(ml −mn, 0)}Θ{max(ml −mn, 0) + q0}
+ Ln,l2
(
q0, k˜z
)
Θ
{
q0 −min(ml −mn, 0)
}
Θ
{
max(ml −mn, 0)− q0
} ]
(23)
Im Π¯µν± (q
0, qx, qy) =
(−ǫ(q0)
32π2
) ∞∑
n=0
2π∫
0
dφ

 ω0∫
ω−
dωk
|~k| cos θ0
{
Un1
(
q0, |~k|, θ0, φ
)
+ Un1
(
q0, |~k|,−θ0, φ
)}
Θ
(
q0 −mπ −mn
)
+
−ω0∫
−ω+
dωk
|~k| cos θ′0
{
Un2
(
q0, |~k|, θ′0, φ
)
+ Un2
(
q0, |~k|,−θ′0, φ
)}
Θ
(−q0 −mπ −mn)
+
−ω−∫
−ω0
dωk
|~k| cos θ′0
{
Ln1
(
q0, |~k|, θ′0, φ
)
+ Ln1
(
q0, |~k|,−θ′0, φ
)}
Θ
(−q0 −mπ +mn)Θ(q0)
+
−ω+∫
ω0
dωk
|~k| cos θ0
{
Ln2
(
q0, |~k|, θ0, φ
)
+ Ln2
(
q0, |~k|,−θ0, φ
)}
Θ
(
q0 −mπ +mn
)
Θ(−q0)

 (24)
where, k˜z =
1
2q0 λ
1/2
(
q20 ,m
2
l ,m
2
n
)
, ω± = (q
0 ± mn) and ω0 = 12q0
(
q20 +m
2
π −m2n
)
. The Lorentz indices µ, ν are
contained in U1,2 and L1,2 (see Appendix D).
8VI. NUMERICAL RESULTS
We begin this section by showing the imaginary and real parts of the in-medium self energy function of ρ meson
under external magnetic field. We will present numerical results for the spin averaged quantity
Π0,± =
1
3
gµνΠ¯
µν
0,± . (25)
First, we have checked numerically that in the limit eB → 0, the eB = 0 results (T 6= 0) are exactly reproduced, i.e.
lim
eB→0
Π¯µν0 = lim
eB→0
Π¯µν± = Π¯
µν .
To take eB → 0 limit, numerically we have taken upto 300 Landau levels for a convergent result. However, for the
other results presented here for eB ≥ 0.05 GeV2, the results are well convergent with 200 Landau levels.
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FIG. 5: The Landau cut and Unitry cut contributions to the imaginary part of the self energy function of rho meson. (a)
Landau cut for ρ0 (c) Landau cut for ρ± (e) Unitary cut for ρ0 (f) Unitary cut for ρ±, are shown at constant temperature
(160 MeV) and at different values of the magnetic field (0.05, 0.10, 0.15 and 0.20 GeV2 respectively). (b) Landau cut for ρ0
(d) Landau cut for ρ± (f) Unitary cut for ρ0 (h) Unitary cut for ρ±, are shown at constant magnetic field (0.01 GeV2) and at
different values of the temperature (100, 130 and 160 MeV respectively).
We have taken the neutral as well as charged rho meson three momenta to be zero in Figures 5 - 9. In Fig. 5(a)-(d),
the Landau cut contributions for the imaginary parts of the self energy functions are shown. The spikes occurring in
Fig. 5(a) and (b) for the ρ0 are due to the “Threshold Singularity” for each Landau level as can be understood from
Eq. (23). In this equation the k˜z present in the denominator has appeared due to dimensional reduction in the ρ
0 self
energy. For a particular set of Landau levels {n, l}, we have
k˜z =
1
2q0
λ1/2
(
q20 ,m
2
l ,m
2
n
)
=
1
2q0
(
q0 +ml +mn
) (
q0 −ml −mn
) (
q0 +ml −mn
) (
q0 −ml −mn
)
,
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FIG. 6: The real part of the self energy function of (a) ρ0 (c) ρ±, at constant temperature (160 MeV) and at different values of
the magnetic field (0.05, 0.10, 0.15 and 0.20 GeV2 respectively). The real part of the self energy function of (b) ρ0 (d) ρ±, at
constant magnetic field (0.01 GeV2) and at different values of the temperature (100, 130 and 160 MeV) respectively. (e) The
comparison of the real part of the self energy function between ρ0 and ρ± at two different combinations of the magnetic field
and temperature (eB=0.10 GeV2, T=100 MeV and eB=0.20 GeV2, T=160 MeV respectively).
which will go to zero at each threshold of Unitary and Landau cut defined in terms of the step functions in Eq. (23)
which gives rise to the spike like structure in the upper panel. Physically, the spikes correspond to the fluctuation of
ρ0 into two pions occurring in the transverse plane with respect to the direction of external magnetic field. Moreover,
at these threshold values of q0, the ρ0 will be (infinitely) unstable and will decay into pions immediately. In Fig. 5(a)
we have shown results for four different values of eB (0.05, 0.10, 0.15 and 0.20 GeV2 respectively) at a constant
temperature 160 MeV. As eB increases, the thresholds of the Landau cuts move towards higher values of q0 as
evident from Eq. (23). Also with the increase of eB, the separation among the spikes becomes larger. In Fig. 5(b),
results are shown at a constant eB (0.10 GeV2) at three different values of temperature (100, 130 and 160 MeV
respectively). In this case the threshold remains unchanged but the magnitude becomes larger which is due to the
increase of the magnitude of thermal distribution functions with the increase of temperature.
In Fig. 5(c)-(d), similar results for the ρ± are shown. In this case, there is no threshold for the Landau cuts and
they extend from −∞ < q0 <∞. The oscillations are due to the presence of a Laguerre polynomial in Eq. (24). It is
also to be noted that, at a larger value of eB the significant contributions start from a higher q0. In Fig. 5(d), we see
that the magnitude of the imaginary parts increases with the increase in temperature keeping the overall structure
unaltered which is again due to increase in the thermal distribution function with the increase of temperature.
In Fig. 5(e)-(h) the Unitary cut contributions to the imaginary part of the self energy functions are presented.
In Fig. 5(e), results for ρ0 at a constant temperature (160 MeV) and at four different values of the magnetic field
(0.05, 0.10, 0.15 and 0.20 GeV2 respectively) are shown. Similar to the Landau cut contribution, the Unitary cut
contributions of ρ0 also suffer from the ”Threshold Singularities”. As the magnetic field increases, the thresholds of
the Unitary cuts move towards higher q0 and the separations among the spikes increase. In Fig. 5(f), results are shown
for a constant eB (0.10 GeV2) and at three different values of the temperature (100, 130 and 160 MeV respectively).
As the temperature increases, the magnitudes of the self energies increase keeping the thresholds unchanged similar
to the Landau cut contributions. However, unlike the Landau contributions, the Unitary contributions are dominated
by the vacuum contribution and the effect of increase of temperature is rather small.
In Fig. 5(g)-(h), results are presented for the charged ρ. The ρ± has different thresholds for the Unitary cuts than
the ρ0 as given in Eq. (24). The displacement of the Unitary cut threshold towards higher q0 with the increase in eB
is smaller compared to that of ρ0 and this will have significant effect on the spectral functions. Small oscillations can
be noticed in the graphs, which are due to the presence of a Laguerre polynomial. However these oscillations and the
effect of temperature is not of much significance as the Unitary cut is dominated by the vacuum contributions.
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FIG. 7: The in-medium spectral functions of the ρ0 at constant temperature (160 MeV) and at different values of the magnetic
field (0.10, 0.15 and 0.20 GeV2 respectively) (a) for q0 from 0 to 0.35 GeV (b) for q0 from 0.35 to 1.3 GeV. The same at
constant magnetic field (0.10 GeV2) and at different values of the temperature (100, 130 and 160 MeV respectively) (c) for q0
from 0 to 0.25 GeV (d) for q0 from 0.25 to 1.3 GeV. The in-medium spectral functions of the ρ± at constant temperature (160
MeV) and at different values of the magnetic field (0.10, 0.15 and 0.20 GeV2 respectively) (e) for q0 from 0 to 0.41 GeV (f) for
q0 from 0.41 to 1.3 GeV. The same at constant magnetic field (0.10 GeV2) and at different values of the temperature (100, 130
and 160 MeV respectively) (g) for q0 from 0 to 0.30 GeV (h) for q0 from 0.30 to 1.3 GeV.
Next in Fig. 6(a)-(d), the real part of the in-medium self energy functions of ρ at non-zero external magnetic field
are presented. In Fig. 6(a), results of the ρ0 at constant temperature (160 MeV) with four different values of the
magnetic field (0.05, 0.10, 0.15 and 0.20 GeV2 respectively) are shown. These plots are dominated by the “B” terms
in Eq. (15). Small oscillatory behaviours in the plots arise due to the numerical principal value integrations. In
Fig. 6(b), results are shown at a constant magnetic field (0.01 GeV2) for three different values of the temperature
(100, 130 and 160 MeV respectively). Effects of the increase in temperature though small, they make the real part
larger. Analogous plots for ρ± are presented in Fig. 6(c) and (d). Fig. 6(e) shows the comparison of the real part
of the self energy function between ρ0 and ρ±. Results at two combinations of eB and T are given (eB=0.10 GeV2,
T=100 MeV and eB=0.20 GeV2, T=160 MeV respectively). In both the cases, the real part of the ρ0 self energy has
a larger magnitude than that of ρ±. This may be due to the fact that, the ρ0 contains two charged particle in the
loop whereas the ρ± has only one. Having obtained the real and imaginary parts we present the in-medium spectral
functions of ρ which contains both the real and imaginary parts of the self energy function. The spectral function is
the imaginary part of the complete propagator and defined as,
S0,±(q, eB, T ) =
Im Π0,±(
q2 −m2ρ +Re Π0,±
)2
+ (Im Π0,±)
2
(26)
In Fig. 7(a)-(d), spectral functions of ρ0 are shown. In Fig. 7(a) and (b), results are shown at constant temperature
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FIG. 8: The comparison of in-medium spectral functions between ρ0 and ρ± at eB = 0.10 GeV2 and T = 160 MeV (a) for q0
from 0 to 0.30 GeV (a) for q0 from 0.30 to 1.3 GeV.
(160 MeV) and at three different values of the magnetic field (0.10, 0.15 and 0.20 GeV2 respectively). The spectral
functions have the same threshold as the imaginary parts of the self energy, as is evident from Eq. (26). The spectral
functions are shown in two parts, Fig. 7(a) shows the lower q0 region dominated by the Landau terms whereas
Fig. 7(b) shows the higher q0 region, dominated by Unitary terms. It is seen from Fig. 7(a) that, with the increase
of the magnetic field, the threshold of the spectral function shifts towards higher q0. However in Fig. 7(b) because
of this shift, the spectral function misses the ρ mass pole, loses its Breit-Wigner shape, and becomes a continuum
at large q0. This physically implies the “melting” of the ρ0 at higher values of the magnetic field. In Fig. 7(c) and
(d), the spectral functions at constant eB (0.10 GeV2) for three different values of the temperature (100, 130 and 160
MeV respectively) are shown. The increase in temperature, increases the magnitude of the spectral function at low
q0 region, and decreases the magnitude at higher q0 region without changing the threshold and shape.
In Fig. 7(e)-(h), similar plots of in-medium spectral function of ρ± are presented. In Fig. 7(f), it is observed that
with the increase in eB, the threshold of the spectral function seems to have a displacement towards higher q0. This is
due the displacement of the Unitary cut contributions to the imaginary part of ρ± self energy towards higher q0 with
the increase in eB, as can be seen from Fig. 5(g). However the Landau cut contribution is non-zero at every value of
q0. So even if the Unitary cut threshold crosses the ρ pole at a high eB, the non-zero Landau cut contribution will
maintain the Breit-Wigner shape of the spectral function. As the Landau cut contribution has a smaller magnitude,
the spectral function will become narrow, which results in squeezing of ρ± width and thus making it more stable.
The effect of increase of temperature is similar to that of ρ0 and is shown in Fig. 7(g) and (h). In Fig. 8, comparison
of the ρ0 and ρ± spectral functions are shown, Fig. 8(a) shows the lower q0 region and Fig. 8(b) shows the higher q0
region.
Now we turn our attention to the evaluation of mass and dispersion relations. We first consider a vanishing transverse
momentum for neutral as well as charged ρ mesons, i.e. qµ ≡ (ω, 0, 0, qz) in Fig. 9 - 11. Although the transverse
momenta of ρ± is quantized as q2⊥ = −(2n + 1)eB with n = 0, 1, 2 .... , we will first neglect this trivial Landau
shift in order to show the importance of the loop corrections of ρ±. From the pole of the complete ρ propagator, the
following dispersion relation is obtained for q⊥ = 0:
det
[(
−q2‖ +m2ρ
)
gµν + qµ‖ q
ν
‖ − Re Π¯µν0,±
(
q‖, q⊥ = 0
)]
= 0. (27)
The effective mass(m∗) of ρ is calculated by putting its three-momentum ~q = ~0 in the dispersion relation. Clearly,
Eq. (27) will admit four solutions and we should get four modes of the effective mass and dispersion relation. Out
of these modes, one is found to be unphysical and we are left with three physical modes of the effective mass and
dispersion relation. These three modes corresponds to the three polarizations of the rho meson which is a spin-1
particle. In order to relate these modes with the physical spin state propagations, one needs to decompose the self
energy tensor as well as the complete propagator in spin projection basis. In our approach, in order to avoid the
complicated Lorentz structure of the self energy function at finite temperature and external magnetic field, we solve
Eq. (27) instead. Thus in our case, although we have three modes, the correspondence with definite spin states is not
obvious. Since, we have taken ~q = (0, 0, qz), two modes are identical and we are left with two distinct modes. We
refer to these modes as Mode-I and Mode-II respectively.
In Fig. 9(a)-(d), the effective mass(m∗0) of ρ
0 is shown. In the Fig. 9(a) and (b), m∗0 is plotted as a function of
eB at three different temperatures (100, 130 and 160 MeV) for Mode-I and Mode-II respectively. We find significant
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FIG. 9: The effective masses of the ρ0 vs eB at different values of temperatures (100, 130 and 160 MeV) for (a) Mode-I and
(b) Mode-II. The effective masses of the ρ0 vs T at different values of the magnetic field (0.05, 0.10, 0.15 and 0.20 GeV2) for
(c) Mode-I and (d) Mode-II. The effective masses of the ρ± vs eB at different values of temperatures (100, 130 and 160 MeV)
for (a) Mode-I and (b) Mode-II. The effective masses of the ρ± vs T at different values of the magnetic field (0.05, 0.10, 0.15
and 0.20 GeV2) for (c) Mode-I and (d) Mode-II.
decrease of ρ0 mass with the increase of eB in both modes which is due to a strong positive contribution coming from
the real part of the self energy. This decrease of m∗0 is more in Mode-I as compared to Mode-II. In Fig. 9(c)-(d), m
∗
0 is
plotted as a function of the T at four different values of eB (0.05, 0.10, 0.15 and 0.20 GeV2) for Mode-I and Mode-II.
The variation of m∗0 is slow as the contribution of the “BT ” terms are small compared to the “B” terms as seen from
Eqs. (15) and (16). We find small increase (decrease) of m∗0 with the increase of T in Mode-I (Mode-II).
In Fig. 9(e)-(h), corresponding plots are shown for ρ±. The effective mass (m∗±) of ρ
± shows similar behaviour as
the ρ0. Due to the presence of one Laguerre polynomial in the expression of the real part of thermal self energy in
Eq. (20), small oscillatory behaviour is present in the Fig. 9-(a). In the lower panel, the m∗± is decreasing with the
increase in temperature in both the modes.
Having obtained the effective masses, we now proceed to present the dispersion relations of rho meson. In Fig. 10(a)-
(d), dispersion curves of ρ0 are shown. We have plotted the energy(ω0) of ρ
0 as a function of qz taking qx = qy = 0.
In Fig. 10(a) and (b), dispersion curves are shown at constant temperature (160 MeV) and at four different values
of eB (0.05, 0.10, 0.15 and 0.20 GeV2) for Mode-I and Mode-II respectively. In all the cases, the dispersion curves
are well separated at qz = 0 (which is actually the effective mass). As the momentum increases, the kinetic energy
term dominates over the self energy corrections and the dispersion relation becomes light-like. In Fig. 10(c) and (d),
dispersion curves are shown at constant eB (0.10 GeV2) and at three different values of the temperature (100, 130
and 160 MeV) for Mode-I and Mode-II. The separation among the curves are very small due to smallness of the “BT ”
terms as compared to “B” terms in the real part of self energy. In Fig. 10(e)-(h), corresponding plots are shown for
ρ±. In this case we find results similar to the ρ0 except the fact that the separation among the dispersion curves
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FIG. 10: The dispersion curves of the ρ0 at constant temperature (160 MeV) and at different values of the magnetic field (0.05,
0.10, 0.15 and 0.20 GeV2 respectively) for (a) Mode-I and (b) Mode-II. The same at constant magnetic filed (0.10 GeV2) and
at different values of the temperature (100, 130, and 160 MeV respectively) for (a) Mode-I and (b) Mode-II. The dispersion
curves of the ρ± at constant temperature (160 MeV) and at different values of the magnetic field (0.05, 0.10, 0.15 and 0.20
GeV2 respectively) for (a) Mode-I and (b) Mode-II. The same at constant magnetic filed (0.10 GeV2) and at different values
of the temperature (100, 130, and 160 MeV respectively) for (a) Mode-I and (b) Mode-II.
becomes less. This is due to the fact that the real part of the ρ± self energy has a lower magnitude than that of ρ0.
In Fig. 11, we have shown comparison of effective masses and dispersion curves between ρ0 and ρ± at constant
temperature (160 MeV). From Fig. 11(a), it is observed that, when eB ≈ 0 both the ρ0 and ρ± have identical effective
masses. This is because of the fact that the ρ0 and ρ± self energies at eB=0 are equal. With the increase in eB, the
splitting between them increases. Moreover the effect of the external magnetic field is more on ρ0 than that on ρ±.
Fig. 11(b) shows comparison plots of dispersion curves at contant magnetic field (0.10 GeV2).
Now we will introduce non-zero three momenta for the charged rho mesons. Keeping in mind the Landau quanti-
zation of the transverse momenta of ρ±, we parametrize the ρ± four momenta as,
qµ ≡
(
q0,
√
(2n+ 1)eB cosφ,
√
(2n+ 1)eB sinφ, 0
)
; n = 0, 1, 2, 3....., (28)
where φ is the azimuthal angle. In Fig. (12), we have shown the ρ± spectral function as a function of the invariant
mass (
√
q2 =
√
q20 − ~q2) of rho meson. Results are shown at a constant magnetic field (0.10 GeV2), temperature (160
MeV) and azimuthal angle (π4 ) with four values of n (0, 1, 2 and 3). The peak of the spectral function increases with
increase of n with very small shifts towards higher
√
q2 making the ρ± more stable at higher transverse momenta.
We have not shown the azimuthal angle (φ) dependence of the spectral function since it is insignificantly small. The
disperion relation for ρ± will follow from the pole of the complete propagator. For simplicity we have taken the
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azimuthal angle φ = (π/2), for which ~q ≡ (0,√(2n+ 1)eB, 0) and the corresponding dispersion relation is,
det
[(−q20 + (2n+ 1)eB +m2ρ) gµν + qµqν − Re Π¯µν0,± (q0, qx = 0, qy =√(2n+ 1)eB, qz = 0)] = 0. (29)
Clearly, the effective mass obtained from Eq. (29) will be function of the Landau level n in addition to temperature
(T ) and magnetic field (eB). As before, we have obtained two distinct physical modes for the n-dependent effective
mass (m∗±(n)) of ρ
±. We will refer these modes as Mode-I and Mode-II respectively. In Fig. 13, m∗±(n) is plotted as
a function of eB, T and n in the left, middle and right panels respectively at azimuthal angle (φ = π/2). Fig. 13(a)
shows m∗±(n) for Mode-I at constant temperature (160 MeV) and at four values of n. It is clear that the trivial
Landau term completely dominates over the self-energy correction and effective mass monotonically increases with
the increase of eB. Fig. 13(b) shows corresponding plot for Mode-II. In Fig. 13(c), m∗±(n) for Mode-I is shown as
a function of the temperature at six different combinations of eB and n. Since the variation of T affects only the
self energy part which is subleading compared to the dominant trivial Landau term, we see no significant variation
of effective mass with temperature. Corresponding plot for Mode-II is shown in Fig. 13(d). Finally, we have shown
m∗±(n) vs n at constant temperature (160 MeV) and at four different values of the magnetic field (0.05, 0.10, 0.15 and
0.20 GeV2) for Mode-I and Mode-II in Fig. 13(e) and Fig. 13(f) respectively. Here also the self energy correction have
insignificant effect with respect to the Landau level term ((2n+ 1)eB) so that the separation among them increases
with the increase of n.
Until now, we have neglected the trivial coupling between the magnetic moment of ρ± and the external magnetic
field. Following Ref. [8], the dispersion relation of ρ± (without loop correction) under external magnetic field is given
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by,
q20 = q
2
z + (2n+ 1− 2Sz) eB +m2ρ , (30)
where, Sz ∈ (1, 0,−1) and n ≥ 0 are the spin projections on the field axis and Landau level index respectively.
It is evident from the above equation, that the effective mass of ρ± will be dominated by the leading order trivial
contribution coming from the second term on the R.H.S. which is a linear term in eB. Corresponding corrections
in the effective mass due to the self-energy contribution are subleading compared to this trivial term and this can
be noticed in Fig. 9(g)-(h) and Fig. 13(c)-(d). In view of this, let us approximate the contribution of self energy in
different modes (which corresponds to different spin projections) by the spin-averaged one. So the dispersion relation
of ρ± becomes,
q20 = q
2
z + (2n+ 1− 2Sz) eB +m2ρ − Re Π±
(
q0, qx =
√
(2n+ 1)eB cosφ, qy =
√
(2n+ 1)eB sinφ, qz
)
, (31)
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where, Π± is defined in Eq. (25). The effective mass m
∗
± (n, Sz) obtained from the above equation by putting qz = 0,
will depend on n and Sz in addition to eB, T and φ. In Fig. 14(a), we have plotted m
∗
± (n, Sz) as a function of eB
at T = 160 MeV and φ = (π/4) for the two Landau levels with different spin projections. The only case where the
effective mass decreases rapidly with the increase of eB is for n = 0 and Sz = 1 as evident from the R.H.S. of Eq. (31).
This is due to the fact that, with the increase of eB, both the terms (2n+1− 2Sz)eB as well as −Re Π± gives strong
negative contributions. For the other combinations of n and Sz, there is a competition between the trivial term and
the self energy; the term (2n+1− 2Sz)eB gives strong positive contribution, whereas the term −Re Π± always gives
small negative contribution which is subleading as compared to the trivial term. This leads to the fact that m∗(n, Sz)
increases monotonically with eB except the case when n = 0 and Sz = 1. Moreover, the graphs for n = 0, Sz = 0 and
n = 1, Sz = 1 (both having equal trivial contributions) lie almost on top of each other. The same behaviour is seen
in the graphs for n = 0, Sz = −1 and n = 1, Sz = 0 as well. It is to be noted that, the real part of the self energy in
Eq. (31) consists of two parts, the “B” part and the “BT” part. The T and φ dependent part (“BT”) is very small
as compared to the magnetic field dependent vacuum part (“B”). For this reason, the effect of T and φ on m∗(n, Sz)
will be negligibly small and thus we have not shown its variation with T and φ.
We conclude this section with the result on the decay width of charged rho meson in presence of the magnetic field.
We define the decay width of ρ± in its lowest energy state as,
Γρ±→π0π±(eB, T ) =
1
m∗±(0, 1)
∫ 2π
0
dφ
2π
Im Π±
(
q0 = m∗±(0, 1), qx =
√
eB cosφ, qy =
√
eB sinφ, qz = 0
)
, (32)
where we have made an average over the azimuthal angle φ. The decay width is shown in Fig. 14(b) as a function of
eB at three different values of temperature (100, 130 and 160 MeV respectively). With the increase in eB, the decay
width decreases and this can be understood from Fig. 5(g) where the magnitude of the Unitary cut contribution to the
self energy decreases with the increase in eB around the rho mass pole. The oscillatory behaviour in the decay width
is due to the oscillatory behaviour of the Landau cut contribution of the self energy as can be seen from Fig. 5(c). At
very high value of eB, the value of the decay width becomes close to zero and the ρ± becomes stable against decay
into two pions. The decay width increases with the increase in temperature and can be understood from Fig. 5(d)
and (h) where the imaginary part increases with the increase in temperature. This physically means that ρ± is more
unstable at a higher temperature and at lower eB.
VII. SUMMARY AND DISCUSSIONS
We have made comprehensive study of the self energies of ρ meson using effective ρππ interaction at finite temper-
ature and arbitrary external magnetic field including all the Landau levels in the propagators of the loop particle in
our calculations. We have also explicitly worked out the analytic structure of the self energy at finite temperature
and arbitrary non-zero external magnetic field. The kinematic domains of the imaginary part of the self energy in
the complex q0 plane are found to be different for ρ0 and ρ± as well as from the eB = 0 case. For vanishing three
momentum of the ρ, we have observed Landau cut contributions to the imaginary part of the self energy at non-zero
magnetic field which is absent at zero magnetic field. While calculating the real part of the self energy, we have taken
the magnetic field dependent vacuum contributions which is usually ignored in most of the works in the literature and
this term produces dominating contribution to the effective mass and dispersion relations. The in-medium spectral
functions obtained from the spin-averaged self energy is found to be quite different for ρ0 and ρ±. The “Threshold
Singularities” in the ρ0 spectral function give rise to spike like structures which is absent in case of ρ±. It is also shown
quantitatively that, the ρ0 meson “melts” at high magnetic field whereas ρ± does not. From the pole of the complete
ρ propagator, we have evaluated its effective mass and dispersion relations. First we have presented results neglecting
the trivial Landau shift to the ρ± transverse momenta in order to see the effect of self energy correction which is a
function of both T and eB. This kind of situation may occure in principle when different spices of charged particle
are present in the system all of which undergoing trivial Landau shifts. In that case, the real part of the self energy
will play the deciding role in the characterization of effective masses. We find two distinct physical modes for the
effective mass and dispersion relation. The effective mass of ρ is seen to decrease with the increase in magnetic field.
We have also taken the trivial coupling between the magnetic moment of charged rho with the external magnetic field
along with the trivial Landau shifts. Incorporation of this term has made the effective mass of ρ± to be dependent
on the spin projection along with the Landau level n. For a particular combination, n = 0 and Sz = 1, the effective
mass decreases very rapidly with the increase in eB and charged rho condensation may occur. The decay width of ρ±
is found to be decreasing with the increase in eB and at certain higher value of eB, the ρ± becomes stable against
decay into pions.
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Appendix A: Calculation of Re(Πµν
0
)B
In this appendix we shall briefly sketch how to obtain Eq. (17). We have
(Πµν0 )B = i
∫
d4k
(2π)4
Nµν∆B(k)∆B(p = q − k)
= i
∫
d4k
(2π)4
Nµν
∞∑
l=0
∞∑
n=0

 φl(αk)φn(αk)(
k2‖ −m2l + iǫ
)(
p2‖ −m2n + iǫ
)

 .
Using standard Feynman parametrization, we combine the denominators of the two propagators and obtain
(Πµν0 )B = i
∞∑
l=0
∞∑
n=0
1∫
0
dx
∫
d2k⊥
(2π)2
φl(αk)φn(αk)
∫
d2k‖
(2π)2
Nµν[
(k‖ − xq‖)2 −∆n,l
]2 ,
where, ∆n,l = ∆ + eB(2l + 1 − 2xl + 2xn). Shifting monemta k‖ → (k‖ + xq‖) and performing the k‖ integration
using dimensional regularization we get,
(Πµν0 )B =
(
g2ρππq
2
‖
4π
)
i
∞∑
l=0
∞∑
n=0
1∫
0
dx
∫
d2k⊥
(2π)2
φl(αk)φn(αk)
[(
q2‖g
µν
‖ − qµ‖ qν‖
) 1
2
Γ
(
1− d
2
)(
1
∆n,l
)1−d/2
− q2‖kµ⊥kν⊥Γ
(
2− d
2
)(
1
∆n,l
)2−d/2]
d→2
.
Now using the MS scheme we subtract out the divergence arising from the pole of the Gamma function. The remaining
k⊥ integration is convergent and can be evaluated using the orthogonality properties of the Laguerre polynomials
present in the numerator which also remove one sum from the double sum. Then the (Πµν0 )B can be written in the
following compact form
(Πµν0 )B =
(
g2ρππq
2
‖
32π2
)∫ 1
0
dx
[(
q2‖g
µν
‖ − qµ‖ qν‖
)
S‖ + q
2
‖g
µν
⊥ S⊥
]
(A1)
where, S‖ and S⊥ are given by,
S‖ =
∞∑
n=0
[
2eB ln
(
∆n,n
µ0
)]
(A2)
S⊥ =
∞∑
n=0
eB
[
2n+ 1
∆n,n
+
2n+ 2
∆n+1,n
]
. (A3)
The infinite sums in Eq. (A2) and (A3) are divergent and can be regularized using derivative regularization technique
[41]. To do this we differentiate them with respect to M = q2‖ twice and obtain convergent sums, which are expressible
in terms of polygamma functions (Ψ, Ψ′ and Ψ′′),(
∂2S‖
∂M2
)
=
−x2(1− x)2
2eB
Ψ′
(
∆
2eB
+
1
2
)
(A4)(
∂2S⊥
∂M2
)
=
x2(1 − x)2
2(eB)2
[
Ψ′
(
∆
2eB
+
1
2
)
+
(
∆
4eB
)
Ψ′′
(
∆
2eB
+
1
2
)
+
Ψ′
(
∆
2eB
+
1
2
+ x
)
+
(
∆
4eB
+
2x− 1
4
)
Ψ′′
(
∆
2eB
+
1
2
+ x
)]
. (A5)
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Integating Eq. (A4) and (A5), and substituting S‖ and S⊥ into Eq. (A1), we obtain,
(Πµν0 )B =
(
g2ρππq
2
‖
32π2
)∫ 1
0
dx
[(
q2‖g
µν
‖ − qµ‖ qν‖
){
2eB ln Γ
(
∆
2eB
+
1
2
)
+ C1q
2
‖ + C2
}
+ q2‖g
µν
⊥
{
∆
2eB
Ψ
(
∆
2eB
+
1
2
)
+
(
∆
2eB
− 1
2
+ x
)
Ψ
(
∆
2eB
+
1
2
+ x
)
+ C3q
2
‖ + C4
}]
(A6)
where C1, C2, C3 and C4 are integration constants and independent of q
2
‖ but can be functions of x and eB. These
constants have to be chosen such that in the limit of zero magnetic field, we get back the vacuum self energy as given
in Eq. (3) i.e.
lim
eB→0
(Πµν0 )B = (Π
µν)vac. (A7)
From Eq. (A7), we get C1 = C3 = −x(1 − x) ln
(
2eB
µ0
)
, C2 = m
2 ln
(
2eB
µ0
)
and C4 = m
2 ln
(
2eB
µ0
)
−m2. Substituting
the values of C1,C2,C3 and C4 into Eq. (A6) and taking the real part, we get Eq. (17).
Appendix B: Calculation of Re(Πµν± )B
We have
(Πµν± )B = i
∫
d4k
(2π)4
Nµν∆0(k)∆B(p = q − k)
= i
∫
d4k
(2π)4
Nµν
∞∑
n=0

 φn(αp)
(k2 −m2π + iǫ)
(
p2‖ −m2n + iǫ
)

 .
Using standard Feynman parametrization, we combine the denominators of the two propagators and obtain
(Πµν± )B = i
∞∑
n=0
1∫
0
dx
∫
d2k⊥
(2π)2
φn(αp)
∫
d2k‖
(2π)2
Nµν[
(k‖ − xq‖)2 −∆n
]2 ,
where, ∆n = ∆ + x(2n + 1)eB − (1 − x)k2⊥. Shifting momenta k‖ → (k‖ + xq‖) and performing the k‖ integration
using dimensional regularization we get,
(Πµν± )B =
(
g2ρππ
4π
)
∞∑
n=0
1∫
0
dx
∫
d2k⊥
(2π)2
φn(αp)
[
Aµν Γ
(
1− d
2
)(
1
∆n
)1−d/2
−Bµν Γ
(
2− d
2
)(
1
∆n
)2−d/2]
d→2
,
where Aµν and Bµν are given by,
Aµν =
1
2
[
q4gµν‖ + q
2
‖q
µqν − q2
(
qµqν‖ + q
νqµ‖
)]
(B1)
Bµν = q4
(
x2qµ‖ q
ν
‖ + k
µ
⊥k
ν
⊥ + xq
µ
‖ k
ν
⊥ + xq
ν
‖k
µ
⊥
)
+
(
xq2‖ + q⊥.k⊥
)2
qµqν
− q2
(
xq2‖ + q⊥.k⊥
)(
xqµqν‖ + xq
νqµ‖ + q
µkν⊥ + q
νkµ⊥
)
.
Now as before we subtract out the divergences arising from the pole of the Gamma function and obtain,
(Πµν± )B =
(
−g2ρππ
4π
) 1∫
0
dx
∫
d2k⊥
(2π)2
[
Aµν S˜‖ +B
µν S˜⊥
]
(B2)
where, S˜‖ and S˜⊥ are given by,
S˜‖ =
∞∑
n=0
[
φn(αp) ln
(
∆n
µ0
)]
(B3)
S˜⊥ =
∞∑
n=0
[
φn(αp)
∆n
]
. (B4)
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Differentiating Eq. (B3) with respect to q2‖, we get,
∂S˜‖
∂q2‖
=
∞∑
n=0
[
−x(1− x)φn(αp)
∆n
]
. (B5)
To evaluate the infinite sums in Eq. (B4) and (B5), we introduce a new parameter z and write
1
∆n
=
1∫
0
dz
m2π
z∆n/m
2
pi−1. (B6)
Substituting Eq. (B6) into Eq. (B4) and (B5) and using the identity
∞∑
n=0
Ln(t)z
n = (1 − z)−1 exp
(
tz
z−1
)
for |z| ≤ 1,
we obtain,
S˜‖ =
1∫
0
dz
ln z
z∆/m
2
pi−1sech
(
x
eB
m2π
ln z
)
eζ + C˜1 (B7)
S˜⊥ =
1∫
0
dz
m2π
z∆/m
2
pi−1sech
(
x
eB
m2π
ln z
)
eζ (B8)
where, C˜1 is the constant of the q
2
‖-integration and is independent of q
2
‖ which is chosen to be zero and
ζ = −(1− x) k
2
⊥
m2π
ln z + αp tanh
(
x
eB
m2π
ln z
)
.
Substituting Eq. (B7) and (B8) into Eq. (B2) we get,
(Πµν± )B =
(
−g2ρππ
4π
) 1∫
0
1∫
0
dxdzz∆/m
2
pi−1sech
(
x
eB
m2π
ln z
)∫
d2k⊥
(2π)2
eζ
[
Aµν
ln z
+
Bµν
m2π
]
.
In order to perform the d2k⊥ integration, we rewrite the ζ by completing the square in k⊥ as bellow,
ζ = −ζ˜(k⊥ − yq⊥)2 − y(1− x) q
2
⊥
m2π
ln z
where ζ˜ = (1 − x) ln zm2pi +
1
eB tanh
(
x eBm2pi
ln z
)
and y = 1
ζ˜eB
tanh
(
x eBm2pi
ln z
)
. Now shifting momenta k⊥ → (k⊥ + yq⊥)
and performning the remaining Gaussian integration of the variable
∣∣∣~k⊥∣∣∣ we finally obtain,
(Πµν± )B =
(
g2ρππ
32π2
) 1∫
0
1∫
0
dxdzz∆/m
2
pi−y(1−x)q
2
⊥/m
2
pi−1
(
1
ζ˜
)
sech
(
x
eB
m2π
ln z
)[
Pµν
ln z
+
2Qµν
m2π
+
Rµν
ζ˜m2π
]
, (B9)
where,
Pµν = q4gµν‖ + q
2
‖q
µqν − q2
(
qµqν‖ + q
νqµ‖
)
(B10)
Qµν = q4
[
x2qµ‖ q
ν
‖ + y
2qµ⊥q
ν
⊥ + xy
(
qµ‖ q
ν
⊥ + q
ν
‖q
µ
⊥
)]
+ qµqν
(
xq2‖ + yq
2
⊥
)2
−q2
(
xq2‖ + yq
2
⊥
){
x
(
qµqν‖ + q
νqµ‖
)
+ y (qµqν⊥ + q
νqµ⊥)
}
(B11)
Rµν = q4gµν⊥ + q
2
⊥q
µqν − q2 (qµqν⊥ + qνqµ⊥) (B12)
In the limit of zero magnetic field, we get back the vacuum self energy as given in Eq. (3), i.e.
lim
eB→0
(Πµν± )B =
(
g2ρππq
2
32π2
)(
q2gµν − qµqν)
1∫
0
1∫
0
dxdzz∆/m
2
pi−1
m2π
(ln z)2
= (Πµν)vac. (B13)
Using Eq. (B9) and (B13), we arrive at Eq. (19).
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Appendix C: Kinematic Domains of the Imaginary Parts
The imaginary part of the in-medium ρ self energy function at zero magnetic field in Eq. (12) contains four Dirac
delta functions namely δ
(
q0 ∓ ωk ∓ ωp
)
= δ
(
q0 ∓ E) and δ (q0 ∓ ωk ± ωp) = δ (q0 ∓ E′), where E = ωk + ωp and
E′ = ωk − ωp. The functions E = E
(
|~k|, cos θ
)
and E′ = E′
(
|~k|, cos θ
)
both are defined in the domain 0 ≤ |~k| <∞
and | cos θ| ≤ 1. In this domain the ranges of this two functions are found to be,√
~q2 + 4m2π ≤ E <∞ and − |~q| ≤ E′ ≤ 0 (C1)
respectively. So, from Eq. (C1) it is evident that, for δ
(
q0 − E) and δ (q0 + E) to be non-vanishing, we must have√
~q2 + 4m2π ≤ q0 < ∞ and −∞ < q0 ≤ −
√
~q2 + 4m2π respectively. Similarly for δ
(
q0 − E′) and δ (q0 + E′) to be
non-vanishing, we must have −|~q| ≤ q0 ≤ 0 and 0 ≤ q0 ≤ |~q| respectively.
The imaginary part of the in-medium ρ0 self energy function at non-zero magnetic field in Eq. (18) contains
four Dirac delta functions for a particular set of Landau levels {n, l} namely δ (q0 ∓ ωlk ∓ ωnp ) = δ (q0 ∓ En,l) and
δ
(
q0 ∓ ωlk ± ωnp
)
= δ
(
q0 ∓ E′n,l
)
, where En,l = ω
l
k + ω
n
p and E
′
n,l = ω
l
k − ωnp . The functions En,l = En,l (kz) and
E′n,l = E
′
n,l (kz) both are defined in the domain −∞ < kz <∞. In this given domain the ranges of this two functions
are found to be, √
q2z + (ml +mn)
2 ≤ En,l <∞ and min
[
qz, E
±
n,l
]
≤ E′n,l ≤ max
[
qz , E
±
n,l
]
(C2)
where, E±n,l =
(ml−mn)
|ml±mn|
√
q2z + (ml ±mn)2. So from Eq. (C2), we find that, for a particular set of Landau levels
{n, l}, for δ (q0 − En,l) and δ (q0 + En,l) to be non-vanishing, we have √q2z + (ml +mn)2 ≤ q0 <∞ and −∞ < q0 ≤
−
√
q2z + (ml +mn)
2
respectively. Similarly for δ
(
q0 − E′n,l
)
and δ
(
q0 + E′n,l
)
to be non-vanishing, the corresponding
ranges are min
[
qz, E
±
n,l
]
≤ q0 ≤ max
[
qz, E
±
n,l
]
and −max
[
qz , E
±
n,l
]
≤ q0 ≤ −min
[
qz, E
±
n,l
]
respectively.
In Eq. (18), the indices l and n run from 0 to ∞. However for a particular value of l, n can have only three values
l− 1, l and l+ 1 due to the presence of Kronecker delta function in Eq. (21). Hence, when these indices are summed
over from 0 → ∞, δ (q0 − ωlk − ωnp ) and δ (q0 + ωlk + ωnp ) will be non-vanishing for √q2z + 4(m2π + eB) < q0 < ∞
and −∞ < q0 < −√q2z + 4(m2π + eB) respectively whereas, both δ (q0 − ωlk + ωnp ) and δ (q0 + ωlk − ωnp ) will be
non-vanishing at |q0| <
√
q2z + (
√
m2π + eB −
√
m2π + 3eB)
2.
Again the imaginary part of the in-medium ρ± self energy function at non-zero magnetic field in Eq. (20)
contains four Dirac delta functions for a particular Landau level n namely δ
(
q0 ∓ ωk ∓ ωnp
)
= δ
(
q0 ∓ En
)
and
δ
(
q0 ∓ ωk ± ωnp
)
= δ
(
q0 ∓ E′n
)
, where En = ωk + ω
n
p and E
′
n = ωk − ωnp . The functions En = En
(
|~k|, cos θ
)
and
E′n = E
′
n
(
|~k|, cos θ
)
both are defined in the domain 0 ≤ |~k| <∞ and | cos θ| ≤ 1. In this domain the ranges of these
two functions are found to be,√
q2z + (mπ +mn)
2 ≤ En <∞ and −
√
q2z + (mπ −mn)2 ≤ E′n ≤ 0 (C3)
respectively. So from Eq. (C3), we find that, for a particular Landau level n, for δ
(
q0 − En
)
and δ
(
q0 + En
)
to be
non-zero, q0 must lie in the range
√
q2z + (mπ +mn)
2 ≤ q0 < ∞ and −∞ < q0 ≤ −
√
q2z + (mπ +mn)
2
respectively.
Similarly, for δ
(
q0 − E′n
)
and δ
(
q0 + E′n
)
to be non-vanishing, the inequalities −
√
q2z + (mπ −mn)2 ≤ q0 ≤ 0 and
0 ≤ q0 ≤
√
q2z + (mπ −mn)2 must be satisfied.
In Eq. (20), the index n runs from 0 to ∞ and when it is summed over, δ (q0 − ωk − ωnp ) and δ (q0 + ωk + ωnp ) will
be non-vanishing at
√
q2z + (
√
m2π + eB +mπ)
2 < q0 <∞ and −∞ < q0 < −
√
q2z + (
√
m2π + eB +mπ)
2 respectively
whereas, δ
(
q0 − ωk + ωnp
)
and δ
(
q0 + ωk − ωnp
)
will be non-vanishing at 0 < q0 <∞ and −∞ < q0 < 0 respectively.
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Appendix D: Simplification of the Imaginary Parts
The imaginary part of in-medium self energy function of ρ at zero magnetic field in Eq. (12) can be written as,
Im Π¯µν(q) = −πǫ(q0)
∞∫
0
π∫
0
2π∫
0
|~k|2 sin θd|~k|dθdφ
(2π)34ωkωp
[
U1
(
q,~k
)
δ
(
q0 − ωk − ωp
)
+ U2
(
q,~k
)
δ
(
q0 + ωk + ωp
)
+ L1
(
q,~k
)
δ
(
q0 + ωk − ωp
)
+ L2
(
q,~k
)
δ
(
q0 − ωk + ωp
) ]
, (D1)
where,
U1 =
(
1 + ηk + ηp
)Nµν (q, k0 = ωk, ~k)
U2 =
(−1− ηk − ηp)Nµν (q, k0 = −ωk, ~k)
L1 =
(
ηk − ηp)Nµν (q, k0 = −ωk, ~k)
L2 =
(−ηk + ηp)Nµν (q, k0 = ωk, ~k)
For simplicity, we have taken ~q = ~0 and it is to be noted that, the nonzero components of Nµν
(
q0, ~q = ~0, ~k
)
are
independent of θ and φ. In Appendix (C) it is shown that, for ~q = ~0 only Unitary terms contribute. So Eq. (D1)
simplifies to,
Im Π¯µν(q0) =
−ǫ(q0)
8π
∞∫
0
|~k|2d|~k|
ω2k
[
U1
(
q0, |~k|
)
δ
(
q0 − 2ωk
)
Θ
(
q0 − 2mπ
)
+ U2
(
q0, |~k|
)
δ
(
q0 + 2ωk
)
Θ
(−q0 − 2mπ)] .
Transforming the Dirac delta functions δ
(
q0 ∓ 2ωk
)
=
(
ωk
2|~k|
)
δ
(
|~k| − k˜
)
where k˜ =
(
1
2q0
)
λ1/2
(
q20 ,m
2
π,m
2
π
)
and
performing the remaining |~k| integration we arrive at Eq. (22). Here Θ(x) is the unit step function and λ(x, y, z) =(
x2 + y2 + z2 − 2xy − 2yz − 2zx) is the Kallen function.
We now turn on the magnetic field. The imaginary part of in-medium self energy function of ρ0 at non-zero magnetic
field in Eq. (18) for ~q = ~0 can be written as,
Im Π¯µν0 = −πǫ(q0)
∞∑
l=0
∞∑
n=0
+∞∫
−∞
dkz
(2π)
1
4ωlkω
n
k
[
Un,l1
(
q0, kz
)
δ
(
q0 − ωlk − ωnk
)
+ Un,l2
(
q0, kz
)
δ
(
q0 + ωlk + ω
n
k
)
+ Ln,l1
(
q0, kz
)
δ
(
q0 + ωlk − ωnk
)
+ Ln,l2
(
q0, kz
)
δ
(
q0 − ωlk + ωnk
)]
where,
Un,l1 =
(
1 + ηkl + η
k
n
)Nµνn,l (q, k0 = ωlk, kz)
Un,l2 =
(−1− ηkl − ηkn)Nµνn,l (q, k0 = −ωlk, kz)
Ln,l1 =
(
ηkl − ηkn
)Nµνn,l (q, k0 = −ωlk, kz)
Ln,l2 =
(−ηkl + ηkn)Nµνn,l (q, k0 = ωlk, kz)
Now we transform the Dirac delta functions δ
(
q0 ∓ ωlk ∓ ωnk
)
= δ
(
q0 ∓ ωlk ± ωnk
)
=(
ωlkω
n
p
|kzq0|
)[
δ
(
kz − k˜z
)
+ δ
(
kz + k˜z
)]
where k˜z =
(
1
2q0
)
λ1/2
(
q20 ,m
2
l ,m
2
n
)
and impose the kinematic domains
as obtained in Appendix (C). After performing the kz integration we arrive at Eq. (23).
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We now look at the charged ρ. The imaginary part of in-medium self energy function of ρ± at non-zero magnetic
field in Eq. (20) for ~q = (qx, qy, 0) can be written as,
Im Π¯µν± = −πǫ(q0)
∞∑
n=0
∞∫
0
π∫
0
2π∫
0
|~k|2 sin θdθdφ
(2π)3
1
4ωkωnk
[
Un1
(
q0, ~k
)
δ
(
q0 − ωk − ωnk
)
+ Un2
(
q0, ~k
)
δ
(
q0 + ωk + ω
n
k
)
+ Ln1
(
q0, ~k
)
δ
(
q0 + ωk − ωnk
)
+ Ln2
(
q0, ~k
)
δ
(
q0 − ωk + ωnk
)]
(D2)
where,
Un1 = φn(αk)
(
1 + ηk + ηkn
)Nµν (q, k0 = ωk, ~k)
Un2 = φn(αk)
(−1− ηk − ηkn)Nµν (q, k0 = −ωk, ~k)
Ln1 = φn(αk)
(
ηk − ηkn
)Nµν (q, k0 = −ωk, ~k)
Ln2 = φn(αk)
(−ηk + ηkn)Nµν (q, k0 = ωk, ~k)
Now we write the Dirac delta functions as,
δ
(
q0 − ωk ∓ ωnk
)
=
(
ωnk
|~k|2 cos θ0
)[
δ (cos θ − cos θ0) + δ (cos θ − cos θ0)
]
δ
(
q0 + ωk ∓ ωnk
)
=
(
ωnk
|~k|2 cos θ′0
)[
δ (cos θ − cos θ′0) + δ (cos θ − cos θ′0)
]
(D3)
where cos θ0 =
1
|~k|
√
(q0 + ωk)
2 −m2n and cos θ′0 = 1|~k|
√
(q0 − ωk)2 −m2n. Changing the variable of integration from
|~k| to ωk and performing the θ integration using the transformed Dirac delta function and imposing the kinematic
domains as obtained in Appendix (C), Eq. (D2) becomes,
Im Π¯µν± =
−ǫ(q0)
32π2
∞∑
n=0
∞∫
mpi
dωk
|~k|
2π∫
0
dφ
[
Θ(1− cos θ0)
cos θ0
{
Un1
(
q0, |~k|, θ0, φ
)
+ Un1
(
q0, |~k|,−θ0, φ
)}
Θ
(
q0 −mπ −mn
)
+
Θ(1− cos θ′0)
cos θ′0
{
Un2
(
q0, |~k|, θ′0, φ
)
+ Un2
(
q0, |~k|,−θ′0, φ
)}
Θ
(−q0 −mπ −mn)
+
Θ(1− cos θ′0)
cos θ′0
{
Ln1
(
q0, |~k|, θ′0, φ
)
+ Ln1
(
q0, |~k|,−θ′0, φ
)}
Θ
(−q0 −mπ +mn)Θ(q0)
+
Θ (1− cos θ0)
cos θ0
{
Ln2
(
q0, |~k|, θ0, φ
)
+ Ln2
(
q0, |~k|,−θ0, φ
)}
Θ
(
q0 −mπ +mn
)
Θ(−q0)
]
. (D4)
In Eq. (D4), the presence of the Θ (1− cos θ0) and Θ (1− cos θ′0) will further put restriction on the limits of the ωk
integration and we will get Eq. (24).
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